The fate of strong cosmic censorship is ultimately linked to the extendibility of perturbation across the Cauchy Horizon and known to be violated in the near extremal region of a charged de Sitter black hole. Similar violations can also be realized in higher curvature theories, with the strength of violation becoming stronger as compared to general relativity. In this work, we extend this analysis further to study the validity of strong cosmic censorship conjecture in the context of the novel four-dimensional Einstein Gauss-Bonnet theory with respect to both scalar and electromagnetic perturbation. * akash.mishra@iitgn.ac.in
Introduction and Motivation
Predictability is one of the essential features of any well behaved physical theory of nature. Any physical theory is said to be predictable or deterministic if the future of any associated physical entity can be uniquely determined from regular initial data given on a Cauchy hypersurface. For general relativity, this is ensured by the strong cosmic censorship conjecture implying general relativity to be deterministic in nature. The conjecture in the most general form is essentially the statement that all physically reasonable solutions of Einstein's equation are globally hyperbolic [1, 2] . Mathematically, this can be captured by the statement that the domain of dependence of the Cauchy hypersurface is the entire spacetime manifold. However, the existence of Cauchy horizon in various black hole solutions of Einstein's equation may lead to a possible violation of the strong cosmic censorship since a Cauchy horizon represents the boundary of maximal evolution of initial data. Therefore, the classical fate of any observer beyond the Cauchy horizon can not be uniquely determined in general relativity by evolving initial data on a Cauchy hypersurface. A situation such as this, questions the credibility of general relativity as a deterministic theory and must be addressed. One possible resolution to this paradox in the context of asymptotically flat spacetime is the unstable nature of Cauchy horizon a surface of infinite blueshift. This phenomenon is known as the mass inflation [3] [4] [5] [6] . The exponential growth, i.e., Φ ∼ e κ−u , with κ − being the surface gravity of the Cauchy horizon dominates the late-time power-law decay of any perturbation and further resulting into the formation of a curvature singularity at the Cauchy horizon. This suggests that it is impossible to extend any perturbation across the Cauchy horizon with C 2 spacetime metric. However, a divergence in curvature at the Cauchy horizon does not necessarily imply that the spacetime can not be extended beyond. Several solutions of Einstein's equation, namely the weak solution exists with spacetime metric having regularity lower than C 2 . This further leads to a revised version of the strong cosmic censorship as formulated by Christodoulou , which state that, it is impossible to extend the spacetime beyond Cauchy horizon with locally square integrable Christoffel connection, i.e., Γ a bc ∈ L 2 loc [7] . Although the Christodoulou version of strong cosmic censorship trivially holds for asymptotically flat black holes, the situation is drastically different in the case of asymptotically de Sitter spacetimes. The presence of cosmological horizon leads to an exponentially decaying behaviour of perturbations at a late time, i.e., Φ ∼ e −αu , where α = −Im(ω) is the spectral gap related to the longest-lived quasi-normal mode. Therefore, it is indeed the relative strength between the late time redshift effect and near Cauchy horizon blueshift effect(β = α/κ − ) that decides the fate of strong cosmic censorship in the presence of a positive cosmological constant.
Recent interest in the subject stems from the work of Cardoso et al. [8] , where a violation to the Christodoulou version of strong cosmic censorship in the near extremal region has been reported in the context of a massless scalar perturbation on a Reissner-Nordström-de Sitter background. Such an approach has been followed recently by several authors to study the validity of the strong cosmic censorship in various black hole spacetimes [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . Surprisingly, no such violation occurs in Kerr-de Sitter black holes [26] . Very recently, this analysis had been generalized to study the effects of higher curvature terms on the validity of strong cosmic censorship [27, 28] . Particularly in Ref. [27] , we have explicitly demonstrated that a violation of the conjecture occurs in the near extremal region by considering the propagation of a massless scalar perturbation in five-dimensional Einstein-Gauss-Bonnet and pure lovelock theories. Another central result of Ref. [27] is the realization that the violation of strong cosmic censorship becomes stronger with the increasing strength of the higher curvature coupling constant. The Einstein-Gauss-Bonnet theory and its full Lovelock generalization represent the low energy effective stringy correction over the Einstein-Hilbert action with the field equation containing the second derivative of the metric [29] [30] [31] [32] [33] [34] . The Gauss-Bonnet term turns out to be a total derivative in D = 4. However, in D > 4 the Gauss-Bonnet term contributes to the gravitational dynamics giving rise to various non-trivial results that have been extensively studied in the past few decades. Recently, the Einstein-Gauss-Bonnet theory of gravity in D = 4 has been reformulated as the D → 4 limit of a higher dimensional theory after rescaling the coupling constant as α → α/(D − 4) [35] . The newly formulated four-dimensional Einstein-Gauss-Bonnet theory bypasses the Lovelock theorem and also is free of Ostrogradsky instabilities. This has stimulated a series of recent research work to study various properties of the novel 4D Einstein-Gauss-Bonnet theory of gravity [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] . In this work, we extend our previous analysis of exploring the violation of strong cosmic censorship in the presence of higher curvature term to the 4D Einstein-Gauss-Bonnet gravity. In particular, we are intersted in understanding the effect of Gauss-Bonnet coupling constant on the violation of strong cosmic censorship. Our study includes the case of scalar and electromagnetic perturbations.
As previously discussed, the fate of strong cosmic censorship conjecture is ultimately governed the relative ratio between the blueshift effect at the Cauchy horizon and the late time decaying behaviour of the perturbation, i.e., β. In order to obtain the bound on β, let us consider a test scalar field perturbation on a spherically symmetric static black hole background. The dynamics of the scalar field is governed by the Klein Gordon equation Φ = 0. The spacetime symmetry allows one to decompose the scalar field as Φ(t, r, θ, φ) = e −iωt R(r)Y lm (θ, φ), where Y lm represents the spherical harmonics and ω is the quasi-normal frequency. The radial function R(r) satisfies a second-order differential equation with two independent solutions given by,
The integral of the kinetic term of the scalar field turns out to be proportional to (r − r − ) 2β−1 . As a result, the scalar field is regular at the Cauchy horizon and can be extended beyond if β > 1/2. The case of electromagnetic perturbation turns out to be identical to that of the scalar perturbation. However, the extendibility of gravitational perturbation across the Cauchy horizon turns out to be more subtle in higher curvature theories, and one requires a stronger regularity condition at the Cauchy horizon. For a detailed discussion, refer to [24, 27] . Also, note that the late time exponential decay of perturbation in de Sitter space is one of the necessary ingredients for the definition of β to make sense. In the case of Einstein's gravity, such late time tail has been extensively studied for various black hole spacetime in de Sitter space. Interestingly, the late time exponential behaviour seems to hold in both D = 4 as well as in higher dimensions. This is not surprising since the late time dynamics of the field is governed by the asymptotic structure of the effective potential. Since perturbation on a five-dimensional Gauss-Bonnet de Sitter background follows such an exponential tail [59] , it is reasonable to expect identical behaviour for the 4D Einstein-Gauss-Bonnet theory. However, this has to be established numerically by evolving the time-domain profile, which is beyond the scope of this paper.
The remainder of the article is organised as follows: In Section 2, we start by briefly reviewing spherically symmetric charged black hole solutions in the novel 4D Einstein-Gauss-Bonnet theory of gravity. Subsequently, in Section 3, we discuss the various dominating family of modes and present a detailed analysis of computing the quasi-normal modes of this theory. In Section 4, we demonstrate the violation of the strong cosmic censorship in the context of scalar and electromagnetic perturbation and study the effect of the higher curvature coupling constant. In Section 5, we summarize our results and discuss possible future outlooks.
Notations and Conventions:
We have set the fundamental constants c = 1 = G. The Roman indices (a, b, c, · · · ) are used to denote spacetime indices.
Black holes in the 4D Einstein Gauss-Bonnet gravity
Higher curvature terms naturally occur in various occasion as the low energy effective action of superstring theories. General Relativity is a perturbatively non-renormalizable theory, and in order to make sense, it must be supplemented by these higher curvature corrections over the Einstein-Hilbert action in the regime of strong gravity. Among several class of such higher curvature terms, the Lovelock corrections play a very special role. The field equation contains at most up to the second derivative of the metric, and the gravitational dynamics is free from Ostrogradsky instabilities. Inclusion of such terms to the gravitational action leads to various interesting results that are distinct from general relativity. This motivates one to explore various aspects of black holes in such theories. The third-order term in the Lovelock polynomial represents the Gauss-Bonnet correction, which turns out to be a total divergence in D = 4 and does not contribute to the gravitational dynamics. However, recently in Ref. [35] , Glavan and Lin have formulated a Einstein-Gauss-Bonnet theory in four dimensions as the D → 4 limit of a higher dimensional theory after the coupling constant rescaled as α → α/(D − 4). The action for the novel Einstein-Gauss-Bonnet theory with the rescaled coupling is of the form,
Here Λ represents the cosmological constant, R abcd is the Riemann tensor in D−dimensions and g is the determinant of the metric. The Gauss-Bonnet coupling constant is denoted by α, and F ab is the electromagnetic field tensor. The four-dimensional novel Einstein-Gauss-Bonnet theory is then obtained by varying the action and imposing the D → 4 limit at the level of field equation. Such a theory admits spherically symmetric charged black hole solutions of the form [37, 43] ,
where the metric coefficient f (r) is given by,
The parameter M and Q represents the ADM mass and U (1) charge of the black hole respectively. In the limit α → 0, one obtains the four-dimensional Reissner-Nordström-de Sitter black hole. Further, we consider only the case of positive Gauss-Bonnet coupling(α > 0) constant. The 4D Einstein-Gauss-Bonnet charged de Sitter black hole admits three horizon namely the event horizon(r + ), the Cauchy horizon(r − ) and the cosmological horizon(r c ) given by the solution of the equation f (r) = 0. The existence of three positive roots of the horizon equation, which is essential for our analysis is ensured by the Descarte rule of sign.
3 Quasinormal frequency and dominating family of modes: scalar and electromagnetic perturbations
One of the central themes of research in contemporary gravitational physics is the stability analysis of black holes under small perturbation by computing the quasi-normal mode spectrum. Quasinormal modes are eigenfrequency of the corresponding perturbation equation with respect to a special set of boundary condition, namely the black hole boundary conditions. Let us start by studying a scalar and electromagnetic perturbation over the novel 4D Einstein-Gauss-Bonnet black hole background, which are governed by the following equations respectively [46, 47] ,
which after the separation of variables in terms of spherical harmonics takes the form of an eigenvalue equation with an effective potential.
Because of the complicated structure of the effective potential, it is challenging to solve for the eigenfrequency modes analytically, and hence such systems are often dealt with various numerical techniques. However, for certain limiting cases, the effective potential attains a simplified form, and one can solve the eigenvalue equation analytically. One such case is the limit of large angular momentum( → ∞), namely the eikonal approximation. In this approximation, the real and imaginary part of the quasi-normal frequency are directly related to the angular velocity(Ω ph ) and the instability time scale namely the Lyapunov exponent(λ ph ) associated with the photon sphere around the black hole [48] [49] [50] [51] [52] [53] [54] [55] ,
where the Lyapunov exponent is given by,
Here 'n' represents the overtone number and r ph is the radius of the photon sphere. For obvious reason, the quasi-normal frequencies in the eikonal approximation are referred to be the photon sphere modes. Note that, in the → ∞ limit, the effective potential is dominated by the ( + 1) term and the effect of spin turns out to be negligible. Therefore, one should expect to have similar quasi-normal frequencies for both scalar and electromagnetic perturbation in the eikonal limit. This can be clearly realized from the numerical data presented in Table. 1 and Table. 2 of the subsequent sections.
Our second family of relevant modes are the de Sitter modes which dominate the quasi-normal spectrum in the limit Λ → 0 when the cosmic censorship hypothesislies far away from the event horizon. The associated quasi-normal frequency for scalar perturbation in this limit turns out to be purely imaginary since they can be considered as a deformation of pure de Sitter modes and given by [56] [57] [58] [59] ,
The dominating mode corresponds to = 1 and n = 0, with κ c being the surface gravity of the cosmological horizon. Now, by following an identical line of calculation as in Ref. [60] , we obtain an expression for the pure de Sitter modes with respect to electromagnetic perturbation. To achieve this, we recast the potential for electromagnetic perturbation in Eq. (6) as,
Upon further substitution, Φ(r) = r +1 (1 − λr 2 ) (iω/2) ψ(r), the electromagnetic perturbation equation in Eq. (6) takes the following form,
. The above equation attains exact solution which is given in terms of hypergeometric functions as follows,
Now, in order to extract the quasi-normal modes spectrum, we impose the black hole boundary conditions. At the origin, we demand the solution to be regular which requires C 2 = 0 and we are left with only one term. Using the identities of hypergeometric functions, it is useful to write the above solution in the following form,
At the cosmological horizon we have (1 − λr 2 ) → 0 and we use the identity 2 F 1 [a, b, c|0] = 1. The outgoing mode boundary condition at the cosmological horizon further gives rise to,
The pure de Sitter quasi-normal frequency for electromagnetic perturbation is then given by, ω em n,ds = −i(2n + + 1)
where κ c is the surface gravity associated with the cosmological horizon.The dominant mode which is relevant for our analysis corresponds to the choice of (n = 0, = 1), i.e., ω em ds = −2iκ c . Although the analytical expressions for the photon sphere mode and the de Sitter mode in this section have been obtained using various approximation, they provide excellent agreement with the numerical results obtained in the subsequent sections. A final set of modes relevant to our discussion is the near extremal modes, which dominate the quasi-normal mode spectrum in the limit when the event horizon and the Cauchy horizonapproach each other. Unlike the case of general relativity, it is a daunting task to come up with an analytical expression for the near extremal modes in Einstein-Gauss-Bonnet theory. In this article, we shall not attempt to obtain such an expression; rather, we would compute it numerically.
Numerical analysis and validity of strong cosmic censorship
In the previous section, we have discussed the various dominant set of modes that are relevant in the context of strong cosmic censorship. In particular, we obtained an expression for the quasi-normal frequency associated with the de Sitter mode for electromagnetic perturbations. In this section we explore the validity of strong cosmic censorship for the novel 4D Einstein-Gauss-Bonnet gravity in the context of scalar(s = 0) and electromagnetic(s = 1) perturbation. Our approach involves the computation of quasinormal frequencies numerically and then studying the variation of β to see if the conjecture is violated for the theory we consider. It is well known that the quasi-normal mode spectrum of Einstein-Gauss-Bonnet black holes in five dimensions and the violation of strong cosmic censorship conjecture strongly depend on the Gauss-Bonnet coupling α [27, 59, [61] [62] [63] [64] [65] [66] [67] . Hence in this context, it would be an interesting exercise to carry out such analysis in the context of the novel 4D Einstein-Gauss-Bonnet theory, which we explore subsequently.
Scalar perturbation
Let us start by studying the dynamics of a massless scalar field on the 4D Einstein-Gauss-Bonnetde Sitter black hole spacetime. The scalar quasi-normal modes are eigenfrequencies of the master wave equation Eq. (6) for s = 0, with the black hole boundary conditions, i.e., purely in-going modes at the event horizon and purely out-going modes at the cosmological horizon,
Further, for numerically computing the complex frequency modes, we use the well tested Mathematica package developed in Ref. [68] . The numerical value of β = min[−Im(ω)/κ − ], which determines the violation of strong cosmic censorship has been presented in (Im ω n )/κ ch } in the first three column( = 0, = 1, = 10) for various choice of Gauss-Bonnet coupling constant (α), cosmological constant Λ and electric charge (Q/Q max ) for M = 1. The last column represents the value of β for the photon sphere modes computed from the corresponding analytical expression presented in Section 3. The numerical and analytical value of β is clearly in close agreement.
Having obtained the necessary numerical results, we are now all set to study the validity of strong cosmic censorship for charged de Sitter black holes in Einstein-Gauss-Bonnet gravity for scalar field perturbation. To that end, we plot the variation of β for all three families of modes, with respect to (Q/Q m ) in Fig. 1 , where Q m represents the extremal value of the black hole charge. The photon sphere de Sitter and near extremal modes are depicted by blue, green and red lines respectively. The de Sitter mode appears to dominate the quasi-normal spectrum for a small value of the cosmological constant, while the near extremal modes are dominating for a larger value of the extremal charge Q m . As evident from Fig. 1 , violation of the strong cosmic censorship conjecture occurs with respect to scalar perturbation in the near extremal region of a charged de Sitter black hole in the 4D Einstein-Gauss-Bonnet theory of gravity. Moreover, β for the dominating mode never exceed unity, suggesting that the scalar fields can be extended beyond the Cauchy horizon with regularity not smoother than H 1 loc . Furthermore, the effect of Gauss-Bonnet coupling constant on the violation of strong cosmic censorship can be realized from Table. 1. The β value for the dominant mode appears to be increasing with the increasing strength of coupling α, suggesting that the violation of strong cosmic censorship is stronger for the larger value of the coupling. 
Electromagnetic perturbation
Having studied the case of scalar perturbation in the previous sub-section, now we turn our attention to electromagnetic perturbation. The quasi-normal mode spectrum is governed by the master equation Eq. (6) with spin s = 1. By following an identical approach, we first compute the quasi-normal frequencies by imposing the black hole boundary conditions and then proceed further to plot β with respect to (Q/Q m ) in order to check the validity of strong cosmic censorship. Note that, the quasi-normal frequency spectrum for electromagnetic perturbation starts with the = 1 mode. The numerical value for β is presented in In Fig. 2 we demonstrate the interplay between the de Sitter(green) and photon sphere(blue) modes for electromagnetic perturbations for various choice of parameters. We observe that the Christodulo version of the strong cosmic censorship conjecture is violated in the near extremal region even with respect to electromagnetic perturbations. Moreover, for fixed cosmological constant and charge(Q/Q m ), the value of β corresponding to the dominant mode appears to increase for increasing strength of the coupling constant. Unlike the case of the scalar field, the β value for the electromagnetic perturbation corresponding to the dominant mode exceeds unity in the near extremal region. This further suggests that the electromagnetic perturbations turns out to be C 1 extendible across the Cauchy horizon, leading to an even stronger violation of the conjecture. Figure 2 : The parameter β is presented corresponding to electromagnetic perturbation for the de Sitter modes(green) and the photon sphere modes(blue) for various choice of cosmological constant(Λ) and the Gauss-Bonnet coupling constant(α). The vertical lines in these plots correspond to the value of Q/Q m for which the strong cosmic censorship is violated for the first time, The Mass parameter of the black hole is taken to be unity.
Discussions
In recent years several counter-example to the strong cosmic censorship is found, and it has been realized that a violation of the conjecture occurs in the near extremal region of charged de Sitter black holes, suggesting general relativity to be not deterministic. However, general relativity, being a non-renormalizable theory, must be supplemented by higher curvature correction terms in strong gravity regime. Therefore it is essential to study the fate of strong cosmic censorship in the presence of such higher-dimensional operators. Among a wide class of such theories of gravity, the Einstein-Gauss-Bonnet theory and its Lovelock generalization play a very crucial role. It is well known that the Gauss-Bonnet term in four dimensions turns out to be topological and only contribute to the dynamics of gravitational action when D > 4. However, recently the Einstein-Gauss-Bonnet theory has been reformulated in 4D as the D → 4 limit of the higher dimensional theory after rescaling the coupling constant as α → α/(D − 4). The novel 4D Einstein-Gauss-Bonnet theory represents the only higher curvature theory in four dimensions with field equation containing at most up to the second derivative of the metric. This has been of great interest and lead to several interesting works recently.
In this article, we have studied the validity of strong cosmic censorship for charged de Sitter black hole in the context of Einstein-Gauss-Bonnet theory in 4D. By taking into account, linear scalar and electromagnetic perturbation, we have explicitly demonstrated that a violation of the conjecture occurs in the near extremal region. We have started by computing the quasi-normal frequencies numerically and subsequently studied the variation of β with respect to (Q/Q m ). The numerical data for both scalar and electromagnetic perturbation are presented in Table. 1 and Table. 2 respectively. For scalar perturbation( Fig. 1) we tested the strong cosmic censorship by considering the effect of all three family of dominant modes namely, the photon sphere ( = 10), de Sitter ( = 1) and near extremal ( = 0) modes. However, since for the electromagnetic perturbation the = 0 mode doesn't contribute to the quasi-normal spectrum, we studied the variation of β with respect to de Sitter ( = 1) and photon sphere ( = 10) modes. From this analysis, we conclude that a violation of the strong cosmic censorship occurs near the extremal region of a charged de Sitter black hole in the novel 4D Einstein-Gauss-Bonnet theory of gravity. We have also demonstrated that, for electromagnetic perturbation the value of β exceeds unity for certain range of parameters leading to a violation of the C 1 version of strong cosmic censorship conjecture along with the Christodoulou's version of the conjecture. However for the scalar perturbations value of β never exceeds unity. This indicate that, the violation of strong cosmic censorship turns out to be stronger for electromagnetic perturbations. We have also studied the effect of Gauss-Bonnet coupling constant on the violation of strong cosmic censorship. Identical to the higher-dimensional Einstein-Gauss-Bonnet and pure Lovelock case, the violation of strong cosmic censorship appears to be stronger with increasing strength of coupling in this theory. This further has lead us to the conclusion that the effect of coupling on the violation of strong cosmic censorship conjecture must be a general feature of any higher curvature theory rather than the perturbation itself. As an extension of our analysis one can consider the case of gravitational perturbations. Since the bound on β is different, it would be an interesting exercise to study whether the strong cosmic censorship can be rescued for gravitational perturbation.
